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AN INTERIOR ESTIMATE FOR CONVEX SOLUTIONS AND A 

RIGIDITY THEOREM 

MING LI, CHANGYU REN, AND ZHIZHANG WANG 


Abstract. We establish an interior C 2 estimate for k + 1 convex solutions to 
Dirichlet problems of fc-Hessian equations. We also use such estimate to obtain 
a rigidity theorem for k + 1 convex entire solutions of fc-Hessian equations in 
Euclidean space. 


1. INTRODUCTION 


In this paper, we consider an interior C 2 estimate for the following Dirichlet 
problem for fc-Hessian equations, 


( 1 . 1 ) 


(a k {D 2 u) = /(x,u, Vu), in D, 
1 u = 0, on dQ. 


Here, u is a function defined in some domain H. Vu is the gradient of u and D 2 u 
is the Hessian of u. We also require / > 0 and smooth enough respect to every 
variables. 

The interior C 2 estimates for Monge-Ampere equations were studied at first by 
A.V. Pogorelov nu, m- Then, K.S. Chou and X.-J. Wang extended Pogorelov’s 
estimates to the case of /c-Hessian equations of s, m- Explicitly, in their paper, 
for any function / not depending Vu in (jl.ll) . they have proved that, for any small 
positive constant e, the following estimates hold, 

(1.2) (—u) 1+£ Au sC C. 


Here, constant C depends on the domain H, k , / and sup^ |Vu|. 

Maybe a natural question is whether these interior estimates are still valid for 
that / does depend on the gradient term Vu, namely, interior estimates for (O). 
For the 2-Hessian equation, we can get this type of interior estimates. 


Theorem 1 . For 2-Hessian equations, i.e. k = 2 in ED. there is some constant 
(5 > 0, such that 

(1.3) (—u)^Au ^ C. 

Here positive constants /3 and C depend on the domain H, the function f, sup^ |u| 
and supq |Vu|. 
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By some reasons, the small constant e should not be zero in Chou-Wang’s proof. 
On the other hand, for Monge-Ampere equation case, namely, k = n in (11.1(1 . we 
can drop the small e m, 0- It reminds us that if the convexity is better, estimate 
(11.21) can be improved. Using techniques developing in m , we can get the following 
theorem, 

Theorem 2. Suppose that function u is a k + 1 convex solution for the Dirichlet 
problem, of k-Hessian equations (D). Namely, function u is in k + 1 convex cone. 
We have, 

(1.4) (—u) Au ^ C. 

Here, positive constant C depends on sup^ |Vrt|, sup^ \u\, the function f and the 
domain 12. 

Here the definition of the fc-convex cone is following Caffarelli-Nirenberg-Spruck 

m , 

Definition 3. For a domain 12 C M n , a function v £ C 2 ( 12) is called k-convex if the 
eigenvalues k(x) = (ki(x), • • • , K n (x)) of the hessian V 2 v(x ) is inT k for all x £ 12, 
where is the Garding’s cone 

Tfc = {k £ M n | er m (ft) >0, m = 1, - - - , k}. 

Note that the constant (5 is large in Theorem [lj We can not improve (5 to be 1 
or 1 + e as Chou-Wang’s paper [8] or Theorem [2j 

An application of the interior estimates may to prove rigidity theorems for k- 
Hessian equations. Consider the entire solutions u in n-dimensional Euclidean spaces 
of the following equations, 

(1.5) a k (D 2 u) = 1. 

S.-Y. A. Chang and Y. Yuan in (6] proposed a problem that: Are the entire solutions 
of (11.51) with lower bound only quadratic polynomials ? 

Let’s review known results related the above problem. For k = i, m is a linear 
equation. It is a obvious result coming from the Liouville property of the harmonic 
functions. For k = n, Monge-Ampere equation case, it is a well know theorem. 
For n = 2, K. Jorgens [12] proved that every entire strictly convex solution is a 
quadratic polynomial. Then, E. Calabi [4j obtained the same result for n = 3,4, 5. 
At last, A.V. Pogorelov mm gave a proof for all dimensions. Then, S.Y. Cheng 
and S.T. Yau [?! gave another more geometry proof. In 2003, L. Caffarelli and Y. 
Li, [5] extended the theorem of Jorgens, Calabi and Pogorelov. 

For k = 2, S.-Y. A. Chang and Y. Yuan [6i have proved that, if 



for any <5 > 0, then the entire solution of the equation (jl.5l) only have quadratic 
polynomials. For general k, it is still open, but J. Bao, J.Y. Chen, B. Guan and M. 
Ji in p] obtained that, strictly convex entire solutions of (11.51) . satisfying a quadric 
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growth are quadratic polynomials. Here, the quadratic growth means that, there is 
some positive constant c, b and sufficiently large R, such that, 

(1.6) u(x) ^ c\x\ 2 — b, for |x| ^ R. 

Note that, our interior estimates Theorem [2] holds for k +1 convex solutions. Hence, 
we can relax their restriction. In deed, we have proved, 

Theorem 4. The entire solutions ink + \ convex cone of the equations (11.51) defined 
in W 1 with quadratic growth are quadratic polynomials. 

In our proof, we don’t need the assumption of strictly convexity. Hence, we do 
not use the estimates of L. Caffaralli. Now, we give the following two Lemmas, 
which will be needed in our proof. 


Lemma 5. Set k > l. For a = 


k-l 


, we have, 


(1.7) 


a 


.ppm 


k . a i 

'Upph'Uqqh T ^pph^qqh 

{vk)h 


.ppm 




V °k a i J \ 


Vk 


-(« + !) 


°l 


further more, for sufficiently small 6 > 0, we have, 
(1-8) - cr 1 ff >,qq u P p h u qqh + (1 - a + j) 


<xd<7k)l 


®k 


> a k (a + l-5a) 


(<rj)h 

vi 


pp.qq 

— ^pph^qqh' 


The another one is, 


Lemma 6. Denote Sym(n ) the set of all n x n symmetric matrices. Let F be a 
C 2 symmetric function defined in some open subset T C Sym(n). At any diagonal 
matrix A £ with distinct eigenvalues, let F{B,B ) be the second derivative of C 2 
symmetric function F in direction B G Sym(n), then 

(1.9) F(B,B) = J2 f jkB nBkk + 2j2vFr~ B h- 

j,k =i j<k K i Kk 

The proof of the first Lemma can be found in [TO] and HH. The second Lemma 
can be found in [T] and |3]. 

The paper is organized by three sections. The first section gives the interior 
estimates of 2-Hessian case. The second section gives the interior estimates for k +1 
convex solutions. The last section proves the rigidity theorem. 


2. An interior C 2 estimate for 02 equations 

In this section, we prove Theorem [0 We consider the following test function, 

M= max (-u) l3 exp{-\Du\ 2 +-\x\ 2 }ucc, 

|£|=i, xen 2 2 
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where (3, e and a are three constants which we will be determined later. Suppose 
that M achieve its maximum value in Q, at some point xq along some direction £. 
We can assume that £ = (1,0, • • • , 0). By rotating the coordinate, we diagonal the 
matrix (uij), and we also can assume that u\\ ^ U 22 ■ • • ^ u nn . 

Hence, at xq, differentiating the test function twice, we have 

(2.1) -1-h euiUa + axi = 0, 

u tin 


and, 


Pm _ unn 

u u 2 U\\ 


U 1 -1 • a 2 „ 

— 2 ^ + 2^ zu k Uku + en it + a ^ 0. 
fc 


In the above inequality, contracting with a 2 , we have, 

2/?ct 2 _ /3a 2 u 2 + _ a 2 u iu 

U U 2 Mu It]! 

+ ^ £u k a 2 u kii + ecr" *4 + (n - l)aai ^ 0. 
k 


At xo, differentiating equation (ED twice, we have, 
(2.3) <7 2 'U‘iij = fj d - fuUj d - 

and 


(2.4) (7 2 'U'iijj d - @2 '^pqj^rsj ^ C Clljj + ^ ' f pk U k jj. 

k 

Inserting (12.41) into (12.21) . we have, 

(2.5) 0 - —1^1. + —\-C - Cu\ x + Y fpk u k 11 - AT(cr 2 )? + If ( 02 )? 

k 

(J^V? _ -y 

- al q ' rs u pq iu rs i\ --f Y £u k a l 2 l u kii + ea 2 u 2 {i + (n - l)aai. 

k 

Using (12.11) and (12.3ft . we have, 

— ^2 fpk u kn+Y £u kv k ukn > ~c - y ^ Uk ^ Pk • 

Uu k k k u 

Note that 


pq.rs PPm 1 \ ' 2 

<J 2 UpqlUrsl — @2 ^kppl^kqql d - / J U pq \ 

p¥=1 

Z - <?2 Pm UpplU qq i + 2 Y u lli- 

i^l 

Using Lemma [5j there exists some sufficiently large constant K depending on /, 
such that, 

K(a 2 )i ~ v P 2 Pm u P piu qq i ^ 0 . 
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Using the above two formulas, inequality (12.51) becomes, 


( 2 . 6 ) 


C 

- 

u 




u 




MU 


2 a 2 u lli , ii 2 

u lli 2 h eC7 2 u ii 

ui 


i "ii 

+ (n — l)a<7i — Cmh — C. 

Take a sufficiently large a such that, 

(n — l)aai — Cun — C ^ aen. 

Here, we always assume that un is sufficiently large. Now we should divide into 
two cases to deal with other third order derivatives. 

n— 1 

(A) Suppose E A '« Ai/3. In this case, using (12.11) . we have, 

2 a% 


1=2 


(2.7) 


> 2<7 2 «lli 

M 2 ^ f3 uh 


p 


■{euiUu + axi) 2 . 


Using (12.61) and (12.71) . we have, 


( 2 . 8 ) 


C 

- 

u 


Pa\ l u 2 


u 


+ 


Mn 


^2 u iu - (! + 


°2 u lli 


¥1 


¥1 


M' 


11 


CT^Min jj 2 2(J 2 / \2 

+ £(7 2 Un — / , —Q-(,£UiUii + QXj) +a<7i. 


M 


11 


¥* 


71—1 


Since, A* ^ we have, for sufficiently large /?, 


i=2 


Mn 


_ 


^r*b/ 2 

^2 u llj 


¥1 




> 0. 


Again, using dm we have, 


^2^111 

Mil 


■ Pui 


^ —2ct 2 (-) — 2cr 2 (eMiMn + ax i) 2 . 


Then we obtain, 
(2.9) 


_C + W + 2/3 2 )ai 1 M 2 


M 


M 

2a% 


>£(72 ufj - ^ —^(euiUu + ax*) 2 - 2u 2 1 (eMiMii + aaq) 2 + acq 

¥i 


\ ii 2 w 2 2 2 2 

^^ea 2Uii -^—e u iUii - 


i 7^ 1 

41 ^ 2^2 


E ZL/t 22 

^ a 2 2 2 , 11 2 2 2 
—a Xi - 4ct 2 e Ui« n 

¥1 P 


— 4<7 2 arxf + OMn- 
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We choose e and /3, such that 


e > 8e 2 max l-Dul 2 , and B > a 2 , 
n 


Hence, (I2.9P becomes, 

C Cal 1 


( 2 . 10 ) 


-+ 


^ n (J 2 u ii ~ 4:0'2 1 a 2 xf + (a — C)u n 


Taking a and un sufficiently large, we obtain (11.31) . 
n ~ 1 ^ ^ 

(B) If XZ Aj ^ , then we have ———— ^ A 2 ^ Ai. Using (12.71) . (12.61) becomes, 

i=2 3 


( 2 . 11 ) 


- + E 


3(n - 2) 
(/3 + 2 / 3 2 )al i u? 


u* 


> E ea ‘2 u ii - 4 E a 2 e 2 «i Ufi 


4 ^ (T 2 a 2 x 2 + aai. 


We should divide this case into two subcases, (Bl) a 22 ^ 1 and (B2) er^ 2 < 1- We 
also take a sufficiently small e, such that e > 8e 2 maxjj | Du 2 . In both subcases, the 
right hand side of the above inequality always has high order term u 2 1 or vf j, then 
we have (11.31) . See m for detail. 


3. An interior C 2 estimate for k + 1 convex solutions 


In this section, we consider the interior estimates for k Hessian equations (inil- 
We will prove Theorem [2j Before we start our proof, we need the following fact. 

Lemma 7. Suppose u is a k + 1 convex solution for equation (LID. Then, there 
is some constant Kq > 0 depending on the diameter of the domain sup n \u\ and 
supQ |Vu|, such that, 

D 2 u + KqI Js 0. 

Here 0” means the matrix is semi positive definite. 


Proof. We choose Kq satisfying 

(—) k > sup f(x,u,Vu). 
n n 


Suppose Ai ^ A 2 ^ ^ A n is the eigenvalues of the Hessian D 2 u. Then, we have, 

using u £ r fc+ i, 


a k = <r fc _ 1 (A|l)Ai+ cr fe (A|l) ^ o- fe _i(A|l)Ai 

= crfc-2(A|12)AiA2 + Ai<7fc_i(A|12) ^ crfc-2(A|12)AiA2 


= ■■■>■■■ 

= A]_A 2 • • • Afc ^ Afc. 


Hence, X k ^ K 0 /n. Since, 


u £T k , we have, 


E L > 0, 


i=k 
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which implies that X n + Kq ^ 0. We obtain the Lemma. 


□ 


We use the m-polynomials. Here, m should be sufficiently large to give more 
convexity, since we have more negative terms. Let’s consider the following test 
function, 

(3.1) ip = mlog(-u) + log P m + ^-\Du\ 2 , 

where 

Pm — ^ j , and Kj — \j ~\~ AD, 

j 

and N is some undetermined constant. The Ai,A 2 ,-- - , A n are eigenvalues of the 
Hessian D 2 u. By Lemma [3 k\, K 2 , ■ ■ • ,K n are non negative. Suppose that function 
<p achieves its maximum value in H at some point xq. Rotating the coordinates, we 
assume that (n^) is diagonal matrix at xo, and k\ ^ K 2 ■ ■ ■ ^ K n . 

Differentiating our test function twice and using Lemma El at xq, we have, 


E 


(3.2) 

and, 


—-—-f- NuiUa H-— 0, 

Pm U 


(3.3) o > T e «rS iff + (™ - 1 ) E '=r 2 ’ 4 i+E 

+ m. 


K m—1 m—1 

m—2 2 | V > ..2 

j Pi ^ — PI 11 


P +1 


m 

"p2" 

m 


~( ^ ] 1 Ujji) 2 + ^ ] Nu s u s n + Nu 2 .) + 

j s 

At xo, differentiating the equation (1 1.1 1) twice, we have, 

(3.4) ofujii = 4> Pj u jj + V’ uUj + ipj, 
and 

(3.5) O’fcUiijj + UpqjU rs j P C db/ 1 | T ^ ( A 


u u 


2 

z_ 

2 • 


Here, C is a constant depending on /, the diameter of the domain H, sup^ |u| and 
sup S2 |Vu| . Contacting cr)* in both side of (13.31) . and using (13.4D(13.51) . we get, 


(3.6) 

0 > 


~5~(^2 K T 1 (~ C - Cu h + ^i>ps u sii - K(a k ) 2 + K(a k ) 2 - cr p k q,rs u pq iu rs i) 

rm i 

+(m - ik e E ^ - ^(E «r lu «i) a 

J 

+ ^ ] Nu s u s ua k + Nu+a k + 


2 it , fccr fc <T L^ 


22 .... 2 


u 


U- 
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Using (13.21) and (13.41) . we have, 

ttZZZZ K T~ lf l’P' u sii + Y1 Nu sVk u sii > - JZ^~Z - c - 

m l s s s 

On the other hand, we have, 

pq.rs VVm i PPiQQ 2 

'Upql'U'rsl — ®fa ^ppl^qql ^k ^pql m 

Then, using the previous two formulas, (12.81) becomes, 


(3.7) 

0 > Z-l^K^i-C-Cuh-K^ul + K{a k f l -a p k pm u pp iu qq i + a p k pm u 2 pql ) 


K rn—1 _ ^.m— 1 

> 'D „.2 l 

a pqi\ 


+ (m — 1)0*? ^ K” 1 2 Ujji + 0*? ^ 

-(^ yr + Nu ii^k +^ ~ yi v? 


ma± 

p 2 


p^g K <1 

ka k oiV 2 


U.o 


a 


Let’s deal with the third order derivatives. Denote, 


1 


2 k 


m—1 


A = ~ ° P k Pmu P P i U qqi)> B i = —F, - ZZ 

■M 


P,Q 


’k “•ppi^qqih -<■ p 
‘ !! 


Jj K m- 1 _ „m-l 


jj'.ii 2 


m-l jj V - m—2 2 r,. _ 2(J fc \- K j K i „,2 

p a k u iP' 

■l m. 

3 


P 

1 rr 


■E- 


-u 


'JJ®’ 


_ m -i 

Ei - -JPT^ K 3 


u 


, 33i') 


We divide two cases to deal with the third order deriavatives, * / 1 and i = 1. 
Lemma 8. For any i ^ 1, we have 


Ai + Bi + Cj + .Dj 


(1 H- )Ei 0, 

m 


for sufficiently large m. 

Proof. At first, by Lemma [5l for sufficiently large K, we have, 
(3.8) K(a k )f - al P,qq u pp iu qq i ^ a k {l + ^)[^—^-] 2 ^ 0. 

Z u i 


Hence, Ai ^ 0. 












Then, we also have, 


(3.9) 


Pi [Bi + Ci + Di-(1 + -)Ei .] 


m 


m —2 




+ (m - l)«r 2 ^ + 2 a” £ 

i=0 

+P m (m — l)cr^K™' 2 tt 2 j 

-2,,2 I 2m-2 2 _|_ ... \ 

u iii' / y r p "'g ^ppi^qqi)- 

P +<1 


— [m 


+ 1 ) <T fe ' 


Note that 


(3.10) 




jj,H 

k 


+ CT 


11 _ 
k 


> 


(A,+W ! + ^ 

Koo%'" + of - fj fc _i(A|ij) + AiO- fc _ 2 (A|ij) + cr*_i(A|ij) 
(i^o + Ai)of “ + 4* 


For any index j f i, using the above inequality, we have, 

m —2 

P 42 K”-V"‘ + (m - 1 )k”- 2 4‘ + 2a£ £ 

1=0 

-(m + l)^^ 2 — 2 4, 

p m (m + h,;:,; 2 »j„ - (m + i)4S 2m_2 4i 

m—3 

+2PmdAE «r _2_ ‘d)4i 

z=o 

m—3 

(m + l)(P m - + 2P m ^(Y, C _2 "X )«jji 

1=0 

Using Cauchy-Schwarz inequalities, we have, 

(3.12) 2 E E 'T^’4. 

V" V" K rn ~ 2 K m n 2 4 - V" V" K m ~ 2 K m v 2 

/ j / j K p K q u ppi + Z_^ Z_^ K P u m i 
p¥=i q+iw q¥=i p¥=i,q 

> 2 ^ K™- 1 K™- 1 Up pi U qqi . 

p¥=q;p,q ¥=i 


(3.11) 
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Hence, by (13.91) . (13.111) and (|3.12l) . we obtain, 


1 


(3.13) P m (Bi + Ci + Di — (1 H- )Ei) 

m 

> Y( m + + (( m - 1 )( p "* - O - 2 «D K T~ 2a k u iii 

j¥=i 

m —3 

-2(m + l)^^- 1 ^ ]T Hj' \, w + 2 P m Y, <4 j (Y "r*-W 




j¥=i 




1=0 


m —3 


> Ek™+ i)«r«r 2 4‘+2«74 j E 

jy* J=o 

+((m - l)(P m - k ?) - 2«nC 2 ^« - 2(m + lK^*" 1 ^ E 


We divide two cases to discuss. 

Case(A) For A j ^ A*, we divide into two sub cases to discuss. If A* ^ /<o, for 
1 ^ l ^ m — 3, we have, 

(3.14) 2 <VAr 2 -V ? = 2<(A 4 <^ + u fc _ 1 (A|ij))C- 2 - / ^ 


“J — i -(C-iV-TJU'''! '"J 

> ^(Kia 1 ^ 33 + a k -i{X\ij))K™~ 2 ~ 1 

> + <T fc _ 1 (A|ij))*f - , - 1 «}- 1 

> «nv? Ji + < T fc _ 1 (A|*j))«r _i_1 «J _1 


„ra ly .m— 1 —l l —1 U 

Kj (T k . 


Here, we have used <jfc_i(A| ij) > 0 since u is a k + 1 convex solution. 

If Ai < Kq, for all k ^ l ^ k + 8, we have, 

4 +1 cr 3 k 3 > i^Xicrl 1 ^ c 0 <TfcKiA'f 1 ^ a k 

when Ai is sufficiently large. Here, we have used Aicr^ 1 ^ cqu^- Hence, we have, 


(3.i5) > 4S m ~ 2 « m 


«i 


4 /+2 

K i 


> n ii K m ~ 2 K m 
P a k K j K i ■ 

Since Aj < IFoi we have used ki ^ k‘ for sufficiently large Ai. 
Case (B) For Aj < A,, obviously, we have, 

2KTa{ 3 K™- 2 - l K l j > 2<k7 1 - 2 - / ^.u“. 

Combing the above two cases, we get, for /c ^ l ^ k + 8, 

(3.16) 2k v ?o 33 k™-‘ 1 - 1 k\ > 
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Thus, (13.131) becomes, 


(3.17) Pi(B, + C, + D, - (1 + i)£i) 

> E< m +8)«r«r 2<r “4i+-1)«» - o - 2C)«r 2 4‘4 ( 

j¥=i 

—2(771 + l)of Y K ™~ lu ni 

> (m + 8)C«T% + (fa - 1)< - 2C)C”V^L 

-2(777 + l)(7fc 

> (m + 8)C<- 2 4^m + (rn - 3)«fC' 2 ^ 

—2(777 + i) 4 v™- 

> 0 . 

Here, we have used, for 777, ^ 10 , 

(m + 8 )(777 — 3 ) ^ (777 + l) 2 . 

So, we take 

?77 = max{ 10 , k + 11 }, 

which is sufficiently large. □ 


The left case is i = 1. Let’s begin with the following Lemma which is modified 
from HI]. 


Lemma 9. For /1 = 1, ■■■ ,k — 1, if there exists some positive constant <5^1, 
such that A^/Ai ^ (5. T/ien f/iere exits two sufficiently small positive constants r],5' 
depending on 6, such that, if A^+i/Ai ^ 5', we have, 

A] + B\ + Ci + Z?i — (1 H- )E\ ^ 0 . 

777 

Proof. At first, we have, 

(3.18) P 2 (H 1 + C 1 + Di-(1 + ^-)C 1 ) 

m 

> £((i~ ^ Pm + ( m + r i) K T) K 'j l ~ 2a k lu 'jn 
j¥= 1 

+((m - i)(p m - - ( 1 + 

m—3 

-2(777 + ^ Kf-'ujj! + 2 P m 4 f(£ 

7V1 jyi z=o 


Since cr^ ^ 4; f° r an y J / 1) for m ^ 5, it is obvious, 


m —3 


jVI 7=0 


4)£i ^ 3 £ «r«i* 2 4’£i + 2P m < 2 £ 4SV 
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Hence, by (I3.18|) . we obtain, 


(3.19) 




Pl{B 1 + C 1 + D l -{l + -L)E 1 ) 

m 

X> + + (--l)E K?«T~ 2 4 1 «111 

i¥= i j ¥= 1 


-2(m + rj)al}K™ Vn Y k™ 




^ - 


(l + r/)^ m 2 fffc 1 Um + 2P m /«y* 2 Y°k u ]ji 

j¥i 

(1 + 77)«?'” -2 <Tfc 1 Ui 11 + 2 P m K™~ 2 Y a k u2 jji- 


i +1 


Here, we have used 

(m + 4)(m — 1) > (m + l) 2 , 
for m ^ 5. By Lemma El we have, 

(3.20) A, > ^(1 + ?)^-- tf p ’ qq Upp iu qq i} 


p 

l rr 


2 (T‘ a n 


\ /?! 0L f^ 1 , ®\ \ ' [ „aa„. \2 , ® \ ' „aa„bb„. 

^ - - 1(1 + ) / y (<7 M u aal) + „ / , ^ UaaiUbbl 


P (T 2 

1 m. u ii 


a^b 


a^b 


For fj, = 1. notice that af a = 1 and <t“ 0,W> = 0. Then, we have, 


(3.21) {1 + < ^)'Y UaalUbbl ^ 2 ( 1 + 7 )Y UaalUlu + C 1 + f) u in 


a,6 


a^l 


^ U + tWh ~ CaY/' 


b aal ’ 


a^l 


Then, we get, 
(3.22) P 2 m A x > 


P t m— 1 m—1 td r* 

m^i °^k f-\ , ^ 2 ™l m^a 2 

72 V 1 + 7 M 11 ^2 Uaal 




P K m—2 rr 11 
r m K l °fc 


(T 


1 


a^l 


Ot- N 9 Cq^PyyiKj 


m—1 


(1 + Sjyi ^ 


(1 + — 


07 


—E 


u aa 1 


a^l 


C 1 P K 

L-^rv-t m n ' 


m—1 


> MNll- 

a l 


a^l 


The last two inequalities come from, 
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for sufficiently large Ai, and 


(3.23) 


1 + f > (l + V )(l + (n-l)6') 2 . 


For fi ^ 2, obviously, for a/6, we have, 

(3.24) a ’ 6fe 



a,bb 


= (\ b a^- 2 (X\ab) + CT /i _i(A|a6))(A a a /i _ 2 (A|a6) + a M _i(A|a6)) 

-(A a AfeO- At _ 2 (A|a6) + A a o>-i(A|a6) + A fc cJ M _i(A|a6) + cr M (A|a6))cr M _ 2 (A|a6) 

= ^-i(A|a6) - o- M (A|a6)o- At _ 2 (A|a6) 

^ 0 . 

The last inequality comes from Newton inequality. Since u £ C r /t+2 , we have, 
for any a ^ //, 



(3.25) 


For a, b ^ //, we claim, 



(3.26) 


cr At _ 2 (A|a6) ^ C A \ A| 


The proof of the above three inequalities are same. We only give more detail for the 
first one. Since, u £ r M _|_ 2 , then, for any index i ^ n + 1, there is some constant C 
such that, 



We write down the expression of and replace any Aj for i ^ /r + 1 by A m+ i, then 
we obtain the first inequality. Using (13.261) and (13.251) . we get, for a,b ^ n, 



Then, by (13.271) . we have, for any undetermined positive constant e, 


(3.28) 



^ ( a l-i( X \ab) -<T M (A|a6)<T M - 2 (A|a6))^ a i 



a^6;a,6^/i 



Here, we choose a sufficiently small 5', such that, 


(3.29) 


5 ' < 


13 
















. bb n \2 
(Vfi. u bbl) ■ 


By (13.271) . we also have, 

(3.30) 2 ^ (o-“ a cr“ - cr ^'^UaalUbbl 

a^/z;6>/z 

r> \ A aabb\„, | 

^ ^ v &fi |^aal^66l| 

a^/z;6>/z 

> -e £ WV„l) 2 -i E 

a^/z;6>/z a^/z;6>/z 

Again by (13.271) . we have, 

/o qi\ \ ^ f^.aa^.bb _ _ r aa,bb\., \ \ ^ ^.aa^. 661 ., | 

(o.olj / v (^/z &fj, ® /z ^\i J^aal^bbl x v |^aal^66l| 

a^b-,a,b>n a^b m ,a,b>fi 

> - Y1 K a ^?. 

a^b-,a,b>fi 

Hence, combing ()3.20l) . (13.281) . (13.301) and ()3.31 j> . then taking a = 0 in (13.201) . we 
get, 

m—1 

(3.32) 21, s -l_m;[(l_2 e )EW».al) 2 -C’<E«“««i) 2 l- 

-Lm V /i 


a^/z 


a>ii 


For a > g, we have, 


For a < g, we have, 


cr“ a ^ CAi • • • A„_i, and cm > Ai • • • A„. 


CT M (A|a) ^ C 


Ai ■ ■ • A /J+ i 


Then, we have, for Ai ^ ^o, 
(3.33) 






PlM 

PmK^ 1 Xial 1 

al 


(! - 2e ) X]( <r 2 0 “ ao1 ) 2 “ 

a^/z 


2 -PmK™ 1 0-fcC', 


cm 

A 1 a>/i 

m—3 < 


^{o^Uaalf 


P k- m_ 1 2T 1:L A n aa P ur m -' i \' 2 n 

r ™ K l °fc Cl 1,)E/ “% -\2_.2 -n m K 1 AjOf ip, aa E 

-I 1 - 2e J -- ) U aal - ^2 - Z^(°M “ aal ' ) 


Ai 


a^fi 


a 


A 1 a>/i 

m—3 \ 2/ 


\ .„2ro-2_llci 0 ,Wi i xm\X^n C^H+1\2„.2 P m^T AC e \^ t _aa„. ^2 

> K 1 G k (! - 2 e)(l + <) ) 2^( 1 -^- ) “aal- ^2 - 2^( a V Uaal ) 


\ ,.2m-2_lln n,Ui , imv, ’^3'V+l 2 

> «i (! - 2e)(! + d )(1-J 


CsA/i+l -2 2 Pm K T 3 C( 


> (l + ?7)AC? m 

a^/z 


__ p m-3 fi 

_2m-2 11 2 - r m'H C/, 


^aal 


E 


^2 E^ Uaal 

a>/z 


a^/z 


3 2 


E 

a>fi 


V 2 

u aal * 
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Here, the last inequality comes from that we choose 5',r/ and e satisfying 
(3.34) 8'C 3 ^2e5, (1 - 2e) 2 (l + 6 m ) 1 + r/. 


Using (|3.19l) and (|3.22l) or (|3.33l) . we have 
(3.35) ° 2 


Pi (A 1 + B 1 + C 1 + D 1 -(1 + -L)E 4 ) 

m 


> 2 P m^T 2 E^4l- 

C e P m ^T~ 

-6 

5 2 



3>U 

Now, for k j > p, we have, 


. dl-Ai . 


Kl<Tfc_l(K|j) ^ 

A 3 

V 

£ 

V 

1 

w 

C 4 6 '' 


For j ^ k + 1, we have, 


/ I -x ^ CTkXi a k 
KlCTfc_i(K|j) ^ ^ 


C 4 X k C 4 5’ 
For both cases, chose 5' small enough such that, 

, a k 5 2 
C 4 C e ’ 

then (13.351) is nonnegative. We complete the proof. 


□ 


Hence, a directly corollary of Lemma [8] and Lemma [9] is the following. 


Corollary 10. There exists two finite sequence of positive numbers {5i}^ =1 and 
{£i}i =1 , such that, if the following inequality holds for some index 1 ^ r ^ k — 1, 


X,* 

Xi 


<3 8r 


and ( +1 ^ 8 r +u 


then, for sufficiently large K, we have, 


(3.36) 


+ B\ + C\ + D\ — (14- )E\ ^ 0. 

m 


Proof. We use induction to find the sequence {<5j}^ =1 and {£i}f =1 . Let <5i = 1/2. 
Then Ai/Ai = 1 > Assume that we have determined S r for 1 ^ r ^ k — 1. We 
want to search for 5 r +i. In Lemma 0 we may choose p = r and 5 = 5 r . Then there 
is some 5 r+ \ and e r such that, if A r+ i ^ <5 r+ iAi, we have (13.361) . We have 5 r+ \ and 
e r . □ 


Now, we continue to prove Theorem [2j 

By Corollary [ini there exists some sequence {<5,}f =1 . We divide two cases to deal 
with. 

Case(A): X k ^ <5fcAi. Then, obviously we have, 

f = a k >X 1 ---X k ^8 k k ~ 1 X k 1 , 

which implies Ai ^ C. Hence, we have proved Theorem [2J 
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Case(B): There exists some index 1 ^ r ^ k — 1 such that, 

A^. ^ <5 r Ai and ^ d^-j-^An 
By Corollary 1101 and Lemma [8] we have, 


i + Bi + Ci + Di ) — E\ — (1 + —) Ej ^ 0 . 

i— 1 z=2 

Using the definitions of Aj, B ,, , D tJ E t and (13.71) . we have, 

4 

p2 


1 '“ 22 
(3.37)0 > ■£^r'(-C-Cu 2 n -K^ l uf l ) + '£w^'E’ t r 1 ' 


P 

n, l 

J-M ,. 2 M k<Tk 
+iVu^(jL H q 

u u 2 

By », we have, for any fixed i ^ 2, 




i=2 


E^ 


a k __2 

u 2 


a k (ST' m -1 \2 , ii N 2 2 2 , ^ a k u i u ii 

~p 2 ( K j U ni) + + ' 


U 


Hence, (13.371) becomes, 
(3.38) 


0 > -c(g)A! + 2(4 ‘w 2 -?4 + 

i=2 


MM„ 2 „HM kak 4 U t 

+ Nu ii Cr k + 


U 
Us_ 

9 / , rps 

u rt z u 




Since, there is some positive constant cq such that, 


unci 1 ^ c 0 > 0, 


then we have, 

0 > 


C(K))\ t + 


2Na k uf N n 2 
-+ — A i + —-— 


i=2 


U U “ 


E 


Here, we have used 


Hence, we obtain, for IV ^ 


cr fc = AjO-fc + cr fc (A|z) > Aj(jfc . 
4C(JL) 


co 


C Cal 1 
-+ k 


> N X + N „n x 2 

u U ~ > T Al + y afcA i 


If at maximum value point p, —u ^ cr^. 1 , the above inequality becomes, 

2C N x 

— ^ T^ 1 ’ 

—u 4 
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which implies our result. If — u ^ crjf, the inequality becomes, 

(-u) 2 ^ 2 k Al ’ 

which also implies our result. We complete the proof of Theorem [2j 

4. A RIGIDITY THEOREM FOR k + 1 CONVEX SOLUTIONS 
In this section, we prove Theorem 01 At first we have the following Lemma. 
Lemma 11. We consider the Dirichlet problem of the k-Hessian equations, 

/ a k {D 2 u ) = f(x ) in H 


(4.1) 


1 


u = 0 on <90 ' 

Here, f is a smooth function defined in 0. For k + 1 convex solutions, we have the 
following type of interior estimates, 

(4.2) {-uf Au ^ C. 

for sufficiently large (3 > 0. Here constant C and /3 only depends on the diameters 
of the domains 0 and k. 

Proof. Obviously, for sufficiently large a and b, the function w = — |x| 2 — b can 
control u by comparison principal (see [3] for detail), namely, 

w ^ u ^ 0. 

Here a, b depends on the diameter of the domain 0. Hence, in the following proof, 
the constant f,C in (14.2|) can contains sup^ |u|. 

Since u is a k + 1 convex solution, by Lemma [71 there is some constant Kq > 0, 
such that D 2 u + KqI ^ 0. We consider the following test functions, 

ip = mf\og(-u) + logP m + ^|x| 2 . 

where P m = «y\ re* = A* + Kq > 0. Suppose ip achieves its maximal value at 

j 

xq £ O. We may assume (iijj) is diagonal by rotating the coordinate and uu -5= 
U 22 ■ • • ^ u nn . We always denote ua = A*. 

At the point xq, we differentiate the test function twice and using Lemma [H We 
have, 


E "T 1 ’ 


(4.3) 

and, 


p 

1 rr 


. ,P u i_ n 

+ X{ H-— 0, 

u 


(4.4) 0 > — Q2 k™ 1 u jjii + (m - 1) 

r r ~ 


m -2 2 

K j U jji 


+ E 

P^Q 


^m— 1 _ m— 1 

fP _ fq _ 2 1 

k — k Upqi * 

rvrt rvn 


m ^2 , fun (3u 2 { i 

p2^2-j K j u jjt) + o 

1 m 


U 
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Differentating the equation (14.11) twice at xq , we have, 


(4.5) 

and 


{&k)j — — fji 


(4.6) a k u iijj + a k ’ u pqj u rsj ~ fjji 

Then, contracting a™ in (|4.4|) and using the previous two equalities, we have, 

(4.7) 0 > + („, - 1)4 

-Mr 


+<*E 


*•"1-1 — AC m_1 

K p K q u 2 i _ ma k 


K — K P<}11 P 2 

P7 t q ^P r m 




ii n , 2 


/3 k /3a%u: 


+- 


u 

Using (14.31) . we have, 


+ (n - k + l)a k ~i. 


XLX. X 


<E«r 1 “«4 


7 -- 


.11 

k 3 


U* 


13 


P 2 


- 2 - 


X Z 


/? 


Note that, 


p<7,rs pp,qq . PP,qq 2 

UpqlUfsl — V'ppl'Uqql T 31 pql• 


For sequence {ej}* =1 appears in Corollary [TUI Let 


2 ■ r 1 , 

ep = -< mm{ —,ei-- - ,e*}, 


then, (14.71) becomes 


<4.8)0 > 7r [E*r 1 (A-<""'“ H 4» W i)+2E' t r v 7 

■i r 


ZZ 2 

U jji 


j¥=i 


+{m - 1)X 


m—2 2 

fvj U JJt 


+ (T k 


K m— 1 _ Lc m ~ 1 

P <? ? ,2 1 


iijl 


(E ^ - 2^ + (» - * + 1K-, 

■U m u P 


/3 
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Next we mainly deal with the third order derivative terms. We divide into two 
case: i ^ 1 and i = 1. By Lemma EJ we have, for sufficiently large K, 

1 n n 

(4.9) o < ^e ^ E E ^’““1# 

-Lm. . ^ . , . 


1=2 


i=2 j^i 


+<-» -1) £ £ «r 2 “L+ 2 E E 


i=2 


i=2 j+i 


K m-l _ m—1 

K 1 _i 

K - — K- 
rvj rbf 


771+1 


p2 
m i=2 


Ed‘(E+ -1 ’ 


Hence, (|4.8I> becomes, 

(4.10)0 > + K-\-C + K(n)l - < ■«u OT i« M i) + 2 £ 

±rr 


+(m - l)^ 1 ^ kJ 2 '+ 2 j, + 2^ 

1 J+i 


j+i 

m-l m-1 

K j K 1 

Kj — Ki 


M 


'+1J 


(m + £p )al 
p 2 


11 


■(E-^W + t - 2 /j 

j 


—ii ~.2 


Co&k- 


i- 


Now, we divide two sub-cases to continue. By Corollary [TOl there exists some 
sequence {(5i}f =1 . 

Case(A): A& ^ d^Ai. Then, obviously we have, 

/ = <7 fc > Ar-.-Afc^^Aj, 

which implies Ai ^ C. Hence, we have proved Lemma fill 

Case(B): There exists some index 1 ^ r ^ k — 1 such that, 

A r (f^*A]_ and A^.-|_r ^t , -)-i^ 1 ' 

By Corollary [TOl (14.101) becomes, 


„ . EL^M +Ca a^-C. 

u p 


We take /3 sufficiently large, then, we have 

/3A: Co Bk ^ |Ef 

C +-1- —+-h c 0 cj 1 (J fc , 

u 2 u 

where we have used Newton-Maclaurin in the last inequality. Hence, we obtain 
Lemma [TTJ □ 


Proof of Theorem [4] The proof is classical [15]. Suppose u is an entrie solution 
of the equation (II.5j) . For arbitrary positive constant R > 1, we consider the set 

Mr = {yeR n ; u{Ry) ^ R 2 }. 
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Let 


v{y) = 


u{Ry) - R 2 
R 2 


We consider the following Dirichlet problem, 

(4.11) H D2 ”i = ! in £? . 

v ' 1 v = 0 on oiljt 

Using Lemma [HI we have the following type estimates, 

(4.12) (-vfAv sC C. 

Here /3 and C depend on k, diameter of the Qr. Now using the quadratic growth 
condition appears in Theorem [U we have 

c\Ry\ 2 - b < u(Ry) ^ R 2 , 


which implies 


2 - 1 + b 


\y\ < 


Thus Qr is bounded. Hence, the constant C, (3 become two absolutely constants. 
We now consider the domain 


In we have, 


n' R = {y,u(Ry) ^ R 2 / 2} c Sl R . 


4 4 1 

v \y) < — 2 ■ 


Hence, (14.121) implies that in we have, 

Av ^ 2 0 C. 

Note that, 

\7 2 y v = V 2 x u. 

Thus, using previous two formulas, we have, in Q' R = {x; u(x) ^ R 2 / 2}, 

(4.13) A u ^ C, 

where C is a absolutely constant. Since R is arbitrary, we have the above inequality 
in whole M n . Using Evans-Krylov theory [9], we have 


| r>2 I / r \ D2u \ C°(B R ) ^ c 

1 ^ U\C a (B R ) ^ ^ 


R a 

Hence, we obtain our theorem letting R —> +oo. 


R° 
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